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Except for the award of a bare pass, only the best 4 questions answered will be counted.
Electronic calculators may not be used. The unauthorized use of a calculator constitutes
an ezamination offense.

1. (a) Describe the three types of Reidemeister moves on knot diagrams and state the
theorem of Reidemeister.

(b) State what it means for a knot diagram to be tricolourable and for tricolourabil-
ity to be a knot invariant. Show that the following knot with seven crossings is not

tricolourable:
CONPTT

(c) Consider the same type of knot as in part (b) but with an odd number n crossings
in place of seven. For which n is the knot triciolourable? You are not asked to write
out a formal proof.

{d) Define the writhe W of a knot diagram and give an example to demonstrate that
W is not a true knot invariant.

(e) Show that W is invariant under a move of type II and state which of the other types
of move it is invariant under.
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2. {a) Give an inductive definition of the Kauffman bracket B of a knot or link diagram
and show that

B()0) = 0" B())

where the box denotes the remainder of the knot or link.

(b) Give an example to demonstrate that B is not a true knot invariant.

(c) Define the Jones knot invariant J(¢} in terms of B and the writhe W, and compute it
for the knot diagram in Question 1(b) (only the diagram is needed from that question).
You may assume that W = 7 for this knot diagram, and that

$ix Crossings

(d) Consider the same type of knot as in Question 1{b) but with an odd number n
crossings in place of seven. The general formula for its Jones invariant is then

J(t) = ¢°2* (1 +2(2 ;f:)) |

Verify this assertion for n = 1.

3. (a) Define what it means for a curve to be regular. Sketch the curve
() = (cos®t,sin*t,0), t € (0,2m)

and say if it is regular. Find and mark the directions of the unit tangent vector 7 = H"rLH
at just after ¢ = 0 and just before t = 3.

(b) Define the signed curvature K of a regular planar curve - in the z — y-plane and
compute it for the curve in part (a) restricted to ¢ € (0, %).

(¢) Let v be a regular curve with unit tangent vector 7 and let n be the vector 7 rotated
by m/2 anticlockwise. Assuming the equation

7 = nKs||],

show that Kgl|4{| = 0, where @ is the anticlockwise angle of T from the z-axis.

(d) With reference to your sketch in part (a), verify that the total anticlockwise angular

change of direction for this curve restricted to ¢ € (0, §) agrees with fO% Kg||#]|dt, where
Ky is from part (b).
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4. (a) Define the curvature K and torsion 7" of a curve in R®. State a theorem about
the extent to which a unit-speed curve in R? is determined by its curvature and torsion.

(b) Show that if v is a unit-speed curve then ¥ and 7 are orthogonal. Hence, or
otherwise, show that the curvature in this case is K = ||¥||.

(¢) Show that a curve with non-vanishing curvature has zero torsion if and only if it
is planar. You may assume that the curve is unit speed, and the equation 8 = —Tv,
where v, § are the principal normal and conormal respectively.

(d) Show that the curve
~y(t) = —\/1—_2_(t cos(In(t)), tsin(In(¢)),0), t € (0,00)

is unit speed and has curvature K = 1/t. What is its torsion? You may use part (c).

5. (a) Sketch the surface with single surface patch

a(u,v) = (u,v,e” ™), U =R

(b) Find the standard unit normal N, of the surface in part (a) and mark it at a typical
point on your sketch.

(c) Find the first fundamental form F; of the surface in (a) and obtain an integral
expression for the area of the part of the surface given by a region R C U.

(d) Find the second fundamental form Fy; of the surface in (a)}.

(e) State what it means in terms of the Gauss curvature K¢ for a point to be (i) elliptic
(ii) hyperbolic (iii) parabolic or locally flat. Using (d), find and show on your sketch
which parts of the surface in (a) are of each type.

6. (a) Let S be a surface of revolution with surface patch of the form
. d d
o(u,0) = (f(a) cos(v), f(w)sin(w), o)), £>0, (S (5D =1
and first fundamental form du?® + f(u)?dv?. Show that the second part
%(Fﬁ +Go) = %(Euaﬁ’ + 2F b + Gyi?)

of the geodesic equations implies that @ = f?¢ is constant. Also show that @ =
£,/1—~ 5}—: (you may assume that the geodesic is unit speed).
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(b) Let f(u) = cos{u), g(u) = sin(u) for u € (-3, I) so that the surface in part (a) is
a unit sphere. Find the values of £ for the following geodesics: (i) the equator, (ii) the
curve of constant v = § and (iii) the curve of constant v = 0. Show these geodesics on
a sketch.

(c) State the Gauss-Bonnet theorem for curvilinear polygons. Hence, on a unit sphere,
prove that the area contained between the three geodesics in part (c), taken in order
in the upper hemisphere, is 5. You may assume that K¢ = 1 and that these geodesics
intersect at right angles.
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